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Preface

Over the last few years, both of the authors, and also most others in the field
of stochastic programming, have said that what we need more than anything
just now is a basic textbook—a textbook that makes the area available not
only to mathematicians, but also to students and other interested parties who
cannot or will not try to approach the field via the journals. We also felt
the need to provide an appropriate text for instructors who want to include
the subject in their curriculum. It is probably not possible to write such a
book without assuming some knowledge of mathematics, but it has been our
clear goal to avoid writing a text readable only for mathematicians. We want
the book to be accessible to any quantitatively minded student in business,
economics, computer science and engineering, plus, of course, mathematics.

So what do we mean by a quantitatively minded student? We assume that
the reader of this book has had a basic course in calculus, linear algebra
and probability. Although most readers will have a background in linear
programming (which replaces the need for a specific course in linear algebra),
we provide an outline of all the theory we need from linear and nonlinear
programming. We have chosen to put this material into Chapter 1, so that
the reader who is familiar with the theory can drop it, and the reader who
knows the material, but wonders about the exact definition of some term, or
who is slightly unfamiliar with our terminology, can easily check how we see
things. We hope that instructors will find enough material in Chapter 1 to
cover specific topics that may have been omitted in the standard book on
optimization used in their institution. By putting this material directly into
the running text, we have made the book more readable for those with the
minimal background. But, at the same time, we have found it best to separate
what is new in this book—stochastic programming—from more standard
material of linear and nonlinear programming.

Despite this clear goal concerning the level of mathematics, we must
admit that when treating some of the subjects, like probabilistic constraints
(Section 1.5 and Chapter 4), or particular solution methods for stochastic
programs, like stochastic decomposition (Section 3.8) or quasi-gradient
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methods (Section 3.9), we have had to use a slightly more advanced language
in probability. Although the actual information found in those parts of the
book is made simple, some terminology may here and there not belong to
the basic probability terminology. Hence, for these parts, the instructor must
either provide some basic background in terminology, or the reader should at
least consult carefully Section 1.3.1, where we have tried to put together those
terms and concepts from probability theory used later in this text.

Within the mathematical programming community, it is common to split
the field into topics such as linear programming, nonlinear programming,
network flows, integer and combinatorial optimization, and, finally, stochastic
programming. Convenient as that may be, it is conceptually inappropriate.
It puts forward the idea that stochastic programming is distinct from integer
programming the same way that linear programming is distinct from nonlinear
programming. The counterpart of stochastic programming is, of course,
deterministic programming. We have stochastic and deterministic linear
programming, deterministic and stochastic network flow problems, and so on.
Although this book mostly covers stochastic linear programming (since that is
the best developed topic), we also discuss stochastic nonlinear programming,
integer programming and network flows.

Since we have let subject areas guide the organization of the book, the
chapters are of rather different lengths. Chapter 1 starts out with a simple
example that introduces many of the concepts to be used later on. Tempting as
it may be, we strongly discourage skipping these introductory parts. If these
parts are skipped, stochastic programming will come forward as merely an
algorithmic and mathematical subject, which will serve to limit the usefulness
of the field. In addition to the algorithmic and mathematical facets of the
field, stochastic programming also involves model creation and specification
of solution characteristics. All instructors know that modelling is harder to
teach than are methods. We are sorry to admit that this difficulty persists
in this text as well. That is, we do not provide an in-depth discussion of
modelling stochastic programs. The text is not free from discussions of models
and modelling, however, and it is our strong belief that a course based on this
text is better (and also easier to teach and motivate) when modelling issues
are included in the course.

Chapter 1 contains a formal approach to stochastic programming, with a
discussion of different problem classes and their characteristics. The chapter
ends with linear and nonlinear programming theory that weighs heavily in
stochastic programming. The reader will probably get the feeling that the
parts concerned with chance-constrained programming are mathematically
more complicated than some parts discussing recourse models. There is a
good reason for that: whereas recourse models transform the randomness
contained in a stochastic program into one special parameter of some random
vector’s distribution, namely its expectation, chance constrained models deal
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more explicitly with the distribution itself. Hence the latter models may
be more difficult, but at the same time they also exhaust more of the
information contained in the probability distribution. However, with respect to
applications, there is no generally valid justification to state that any one of the
two basic model types is “better” or “more relevant”. As a matter of fact, we
know of applications for which the recourse model is very appropriate and of
others for which chance constraints have to be modelled, and even applications
are known for which recourse terms for one part of the stochastic constraints
and chance constraints for another part were designed. Hence, in a first reading
or an introductory course, one or the other proof appearing too complicated
can certainly be skipped without harm. However, to get a valid picture about
stochastic programming, the statements about basic properties of both model
types as well as the ideas underlying the various solution approaches should be
noticed. Although the basic linear and nonlinear programming is put together
in one specific part of the book, the instructor or the reader should pick up
the subjects as they are needed for the understanding of the other chapters.
That way, it will be easier to pick out exactly those parts of the theory that
the students or readers do not know already.

Chapter 2 starts out with a discussion of the Bellman principle for
solving dynamic problems, and then discusses decision trees and dynamic
programming in both deterministic and stochastic settings. There then follows
a discussion of the rather new approach of scenario aggregation. We conclude
the chapter with a discussion of the value of using stochastic models.

Chapter 3 covers recourse problems. We first discuss some topics from
Chapter 1 in more detail. Then we consider decomposition procedures
especially designed for stochastic programs with recourse. We next turn to
the questions of bounds and approximations, outlining some major ideas
and indicating the direction for other approaches. The special case of simple
recourse is then explained, before we show how decomposition procedures for
stochastic programs fit into the framework of branch-and-cut procedures for
integer programs. This makes it possible to develop an approach for stochastic
integer programs. We conclude the chapter with a discussion of Monte-Carlo
based methods, in particular stochastic decomposition and quasi-gradient
methods.

Chapter 4 is devoted to probabilistic constraints. Based on convexity
statements provided in Section 1.5, one particular solution method is described
for the case of joint chance constraints with a multivariate normal distribution
of the right-hand side. For separate probabilistic constraints with a joint
normal distribution of the coefficients, we show how the problem can be
transformed into a deterministic convex nonlinear program. Finally, we
address a problem very relevant in dealing with chance constraints: the
problem of how to construct efficiently lower and upper bounds for a
multivariate distribution function, and give a first sketch of the ideas used
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in this area.

Preprocessing is the subject of Chapter 5. “Preprocessing” is any analysis
that is carried out before the actual solution procedure is called. Preprocessing
can be useful for simplifying calculations, but the main purpose is to facilitate
a tool for model evaluation.

We conclude the book with a closer look at networks (Chapter 6). Since
these are nothing else than specially structured linear programs, we can draw
freely from the topics in Chapter 3. However, the added structure of networks
allows many simplifications. We discuss feasibility, preprocessing and bounds.
We conclude the chapter with a closer look at PERT networks.

Each chapter ends with a short discussion of where more literature can be
found, some exercises, and, finally, a list of references.

Writing this book has been both interesting and difficult. Since it is the first
basic textbook totally devoted to stochastic programming, we both enjoyed
and suffered from the fact that there is, so far, no experience to suggest how
such a book should be constructed. Are the chapters in the correct order?
Is the level of difficulty even throughout the book? Have we really captured
the basics of the field? In all cases the answer is probably NO. Therefore,
dear reader, we appreciate all comments you may have, be they regarding
misprints, plain errors, or simply good ideas about how this should have been
done. And also, if you produce suitable exercises, we shall be very happy to
receive them, and if this book ever gets revised, we shall certainly add them,
and allude to the contributor.

About 50% of this text served as a basis for a course in stochastic
programming at The Norwegian Institute of Technology in the fall of 1992. We
wish to thank the students for putting up with a very preliminary text, and
for finding such an astonishing number of errors and misprints. Last but not
least, we owe sincere thanks to Julia Higle (University of Arizona, Tucson),
Diethard Klatte (Univerity of Zurich), Janos Mayer (University of Zurich) and
Pavel Popela (Technical University of Brno) who have read the manuscript!
very carefully and fixed not only linguistic bugs but prevented us from quite a
number of crucial mistakes. Finally we highly appreciate the good cooperation
and very helpful comments provided by our publisher. The remaining errors
are obviously the sole responsibility of the authors.

Zurich and Trondheim, February 1994 P. K. and SW.W.

T Written in LATEX



1
Basic Concepts

1.1 Preliminaries

Many practical decision problems—in particular, rather complex ones—can
be modelled as linear programs

min{cix1 + coxo + - + cpxn}

subject to
any + appry + -+ AT, = by
a1 + ATz + -0+ awTn = by (1.1)

am1%1 + Gm2T2 + - - + AppTn = bm
L1, T2y, Tp ZO

Using matrix—vector notation, the shorthand formulation of problem (1.1)
would read as

mincTz

st. Az =b (1.2)
x> 0.

Typical applications may be found in the areas of industrial production,
transportation, agriculture, energy, ecology, engineering, and many others. In
problem (1.1) the coefficients ¢; (e.g. factor prices), a;; (e.g. productivities)
and b; (e.g. demands or capacities) are assumed to have fixed known real values
and we are left with the task of finding an optimal combination of the values for
the decision variables x; (e.g. factor inputs, activity levels or energy flows) that
have to satisfy the given constraints. Obviously, model (1.1) can only provide
a reasonable representation of a real life problem when the functions involved
(e.g. cost functions or production functions) are fairly linear in the decision
variables. If this condition is substantially violated—for example, because of
increasing marginal costs or decreasing marginal returns of production—we
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should use a more general form to model our problem:

min go ()
st.gi(x) <0, i=1,---,m (1.3)
re X CR"

The form presented in (1.3) is known as a mathematical programming problem.
Here it is understood that the set X as well as the functions g; : R" — IR,7 =
0,---,m, are given by the modelling process.

Depending on the properties of the problem defining functions g; and the
set X, program (1.3) is called

(a) linear, if the set X is convex polyhedral and the functions g;, i = 0,---,m,
are linear;
(b) nonlinear, if at least one of the functions g;, ¢ =0, ---,m, is nonlinear or

X is not a convex polyhedral set; among nonlinear programs, we denote
a program as

(bl) convez, it X N{x | ¢g;(x) <0, i=1,---,m} is a convex set and gg is

a convex function (in particular if the functions g;, ¢ = 0,---,m are
convex and X is a convex set); and
(b2) nonconvex, if either X N{z | g;(z) <0, ¢ =1,---,m} is not a convex

set or the objective function gq is not convex.

Case (b2) above is also referred to as global optimization. Another special
class of problems, called (mized) integer programs, arises if the set X requires
(at least some of) the variables z;, j = 1,---,n, to take integer values only.
We shall deal only briefly with discrete (i.e. mixed integer) problems, and
there is a natural interest in avoiding nonconvex programs whenever possible
for a very simple reason revealed by the following example from elementary
calculus.

Example 1.1 Consider the optimization problem

i 1.4
min p(z), (1.4)
where ¢(z) = %x‘l — 523 + 2722 — 40z. A necessary condition for solving

problem (1.4) is
¢ () = 2® — 152% + 54z — 40 = 0.
Observing that
¢'(z) = (z = 1)(z — 4)(z — 10),
we see that 1 = 1, z9 = 4 and z3 = 10 are candidates to solve our problem.
Moreover, evaluating the second derivative " (x) = 322 — 30z + 54, we get

¢"(z1) = 27,
50//('132) = —18,
(P//(xi’;) =54,
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indicating that z; and x3 yield a relative minimum whereas in xo we find
a relative maximum. However, evaluating the two relative minima yields
p(x1) = —17.75 and ¢(x3) = —200. Hence, solving our little problem (1.4)
with a numerical procedure that intends to satisfy the first- and second-order
conditions for a minimum, we might (depending on the starting point of the
procedure) end up with x; as a “solution” without realizing that there exists
a (much) better possibility. O

As usual, a function v is said to attain a relative minimum-—also called a
local minimum—at some point & if there is a neighbourhood U of Z (e.g. a ball
with center & and radius € > 0) such that (&) < ¢(y) Vy € U. A minimum
Y(Z) is called global if ¥(T) < (z) Vz. As we just saw, a local minimum (%)
need not be a global minimum.

A situation as in the above example cannot occur with convex programs
because of the following.

Lemma 1.1 If problem (1.3) is a convex program then any local (i.e. relative)
minimum is a global minimum.

Proof  If Z is a local minimum of problem (1.3) then Z belongs to the
feasible set B:= X N{x | g;(x) <0,i =1,---,m}. Further, there is an g > 0
such that for any ball K. := {z | ||z — Z|| < €}, 0 < € < &9, we have that
90(Z) < go(x) Vz € K.NB. Choosing an arbitrary y € B, y # T, we may choose
an e > 0 such that e < |y—Z|| and € < &q. Finally, since, from our assumption,
B is a convex set and the objective gq is a convex function, the line segment Ty
intersects the surface of the ball K, in a point & such that & = aZ 4+ (1 — )y
for some a € (0,1), yielding go(Z) < go(2) < ago(Z) + (1 — a)go(y), which
implies that go(Z) < go(y). O

During the last four decades, progress in computational methods for solving
mathematical programs has been impressive, and problems of considerable size
may be solved efficiently, and with high reliability.

In many modelling situations it is unreasonable to assume that the
coefficients ¢;, a;;, b; or the functions g; (and the set X) respectively in
problems (1.1) and (1.3) are deterministically fixed. For instance, future
productivities in a production problem, inflows into a reservoir connected
to a hydro power station, demands at various nodes in a transportation
network, and so on, are often appropriately modelled as uncertain parameters,
which are at best characterized by probability distributions. The uncertainty
about the realized values of those parameters cannot always be wiped out
just by inserting their mean values or some other (fixed) estimates during
the modelling process. That is, depending on the practical situation under
consideration, problems (1.1) or (1.3) may not be the appropriate models
for describing the problem we want to solve. In this chapter we emphasize—
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and possibly clarify—the need to broaden the scope of modelling real life
decision problems. Furthermore, we shall provide from linear programming
and nonlinear programming the essential ingredients absolutely necessary for
the understanding of the subsequent chapters. Obviously these latter sections
may be skipped—or used as a quick revision—by readers who are already
familiar with the related optimization courses.

Before coming to a more general setting we first derive some typical
stochastic programming models, using a simplified production problem to
illustrate the various model types.

1.2 An Illustrative Example

Let us consider the following problem, idealized for the purpose of easy
presentation. From two raw materials, rawl and raw?2, we may simultaneously
produce two different goods, prodl and prod2 (as may happen for example in
a refinery). The output of products per unit of the raw materials as well
as the unit costs of the raw materials ¢ = (Crawi,Craw2)® (yielding the
production cost v), the demands for the products b = (Aprod1, hproaz)” and
the production capacity 3, i.e. the maximal total amount of raw materials that
can be processed, are given in Table 1.

According to this formulation of our production problem, we have to deal
with the following linear program:

Table 1 Productivities 7(raw i, prodj).

Products
Raws prodl prod2 | ¢ | b
rawl 2 3 2 1
raw?2 6 3 3 1
relation > > =] <
h 180 162 | ~ | 100

min(2xrawl + 3xraw2)
st Trawl + Traw2 < 100,
2xrau11 + 6567”(111)2 Z 1807 (2 1)
3xraw1 + 3xraw2 Z 1627 .
Lrawl Z 07
Lraw?2 > 0.
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A X
raw2
100 -
80 -
60 - \
40 + “\‘ “\‘
20 + S N\
% Xraw1
| | | I | | | I | | )

20 40 60 80 100

Figure 1 Deterministic LP: set of feasible production plans.

Due to the simplicity of the example problem, we can give a graphical
representation of the set of feasible production plans (Figure 1).
Given the cost function vy(z) = 2Z,qw1 + 3Traw2 We easily conclude
(Figure 2) that
Zrawl = 36, Traws = 18,7(%) = 126 (2.2)

is the unique optimal solution to our problem.

Our production problem is properly described by (2.1) and solved by (2.2)
provided the productivities, the unit costs, the demands and the capacity
(Table 1) are fixed data and known to us prior to making our decision on the
production plan. However, this is obviously not always a realistic assumption.
It may happen that at least some of the data—productivities and demands for
instance—can vary within certain limits (for our discussion, randomly) and
that we have to make our decision on the production plan before knowing the
exact values of those data.

To be more specific, let us assume that

e our model describes the weekly production process of a refinery relying
on two countries for the supply of crude oil (rawl and raw?2, respectively),
supplying one big company with gasoline (prodl) for its distribution system
of gas stations and another with fuel oil (prod2) for its heating and/or power
plants;

e it is known that the productivities 7(rawl, prodl) and w(raw2, prod2), i.e.
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m —
g 8
WWW
/
/
/
/
/

60 - \
o
N\ N
N A\ -
S A\ SO
0+ X L -
NG N ~
4 NG N ~N
\ \
‘\ ‘\
20 A4 ‘\ ‘\
(3
4 ), 7,
8) X raw1
1ttt —+—>

1 | I
20 40 60 80 100
Figure 2 LP: feasible production plans and cost function for v = 290.

the output of gas from rawl and the output of fuel from raw?2 may change
randomly (whereas the other productivities are deterministic);

o simultaneously, the weekly demands of the clients, hproq1 for gas and hproa2
for fuel are varying randomly;

e the weekly production plan (%41, Trew2) has to be fixed in advance and
cannot be changed during the week, whereas

e the actual productivities are only observed (measured) during the
production process itself, and

e the clients expect their actual demand to be satisfied during the
corresponding week.

Assume that, owing to statistics, we know that

hprodl =180 + éla

h‘Pron =162 + <27 (2 3)
m(rawl, prodl) = 2 + 7, '
w(raw2, prod2) = 3.4 — 1,

where the random variables @ are modelled using normal distributions, and
71 and 72 are distributed uniformly and exponentially respectively, with the
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following parameters:!

distr ¢; ~ N(0,12),

distr ¢ ~ N (0,9),

distr 7; ~ U[—0.8,0.8],
distr 7, ~ EXP(A = 2.5).

(2.4)

For simplicity, we assume that these four random variables are mutually
independent. Since the random variables (1,(> and 7, are unbounded,
we restrict our considerations to their respective 99% confidence intervals
(except for U). So we have for the above random variables’ realizations

¢1 € [—30.91,30.91],

¢ € [—23.18,23.18],

m € [—0.8,0.8], (2:5)
72 € [0.0,1.84].

Hence, instead of the linear program (2.1), we are dealing with the stochastic
linear program

min(erawl + 3xraw2)

s.t. Trawl T Traw?2 < 100>
(2 + f]l)xrawl + 6$7’aw2 Z 180 + gla (2 6)
3xraw1 + (34 - 772)1'“174)2 Z 162 + CZ& .
Lrawl Z 07
Traw2 = 0.

This is not a well-defined decision problem, since it is not at all clear what
the meaning of “min” can be before knowing a realization ((1,(2,71,72) of
(C1,C2, T, T2)-

Geometrically, the consequence of our random parameter changes may
be rather complex. The effect of only the right-hand sides (; varying
over the intervals given in (2.5) corresponds to parallel translations of the
corresponding facets of the feasible set as shown in Figure 3.

We may instead consider the effect of only the 7; changing their values
within the intervals mentioned in (2.5). That results in rotations of the related
facets. Some possible situations are shown in Figure 4, where the centers of
rotation are indicated by small circles.

Allowing for all the possible changes in the demands and in the
productivities simultaneously yields a superposition of the two geometrical
motions, i.e. the translations and the rotations. It is easily seen that the

T'We use N(u, o) to denote the normal distribution with mean p and variance o2.
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: ———— >
20 40 60 80 100
Figure 3 LP: feasible set varying with demands.

~
|

variation of the feasible set may be substantial, depending on the actual
realizations of the random data. The same is also true for the so-called wasit-
and-see solutions, i.e. for those optimal solutions we should choose if we knew
the realizations of the random parameters in advance. In Figure 5 a few
possible situations are indicated. In addition to the deterministic solution

z= (irawlairan) = (36, 18), Y= 126,

production plans such as

f/ = (:grawl, grawZ) = (207 30)7 V= 130,
Z2 = (rawl, Zraw2) = (50,22), ~ = 166, (2.7)
0= (ﬁraw17ﬁ7‘aw2) = (587 6); Y= 134

may be wait-and-see solutions.

Unfortunately, wait-and-see solutions are not what we need. We
have to decide production plans wunder uncertainty, since we only have
statistical information about the distributions of the random demands and
productivities.

A first possibility would consist in looking for a “safe” production program:
one that will be feasible for all possible realizations of the productivities and
demands. A production program like this is called a fat solution and reflects
total risk aversion of the decision maker. Not surprisingly, fat solutions are
usually rather expensive. In our example we can conclude from Figure 5 that
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Figure 4 LP: feasible set varying with productivities.

a fat solution exists at the intersection of the two rightmost constraints for
prodl and prod2, which is easily computed as

*

2 = (T 1> Thoaws) = (48.018,25.548), ~* = 172.681. (2.8)

To introduce another possibility, let us assume that the refinery has made
the following arrangement with its clients. In principle, the clients expect
the refinery to satisfy their weekly demands. However, very likely—according
to the production plan and the unforeseen events determining the clients’
demands and/or the refinery’s productivity—the demands cannot be covered
by the production, which will cause “penalty” costs to the refinery. The
amount of shortage has to be bought from the market. These penalties are
supposed to be proportional to the respective shortage in products, and we
assume that per unit of undeliverable products they amount to

dprodl = 7; Qprod2 = 12. (29)

The costs due to shortage of production—or in general due to the amount
of violation in the constraints—are actually determined after the observation
of the random data and are denoted as recourse costs. In a case (like ours) of
repeated execution of the production program it makes sense—according to
what we have learned from statistics—to apply an ezpected value criterion.
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AX raw2 Xraw2

. 20 4 60 8 100 ~ 20 | 40 80 100 .
Figure 5 LP: feasible set varying with productivities and demands; some wait-

and-see solutions.

More precisely, we may want to find a production plan that minimizes the
sum of our original first-stage (i.e. production) costs and the ezpected recourse
costs. To formalize this approach, we abbreviate our notation. Instead of the
four single random variables (1, (3,71 and 72, it seems convenient to use the
random vector £ = (C1,Ca,71,72)T. Further, we introduce for each of the
two stochastic constraints in (2.6) a recourse variable y;(€), i = 1,2, which
simply measures the corresponding shortage in production if there is any;
since shortage depends on the realizations of our random vector é , so does the
corresponding recourse variable, i.e. the y;(£) are themselves random variables.
Following the approach sketched so far, we now replace the vague stochastic

program (2.6) by the well defined stochastic program with recourse, using

hy (5) = hfprodl =180+ <~17 h2(g) = hp7'0d2 =162 + 527

a(€) :=m(rawl,prodl) = 2 + 11, B(&) := n(raw2,prod2) = 3.4 — ij:
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Min{22,qw1 + 3%raw2 + Eg[Ty1(§) + 12y2(§)]}
s.t. Trawl + Traw2
() Trawt +  6Trawz + y1(£)
3% raw1 + B(E)Traws + 2()

Trawl

A
_
=
L

ha(§),

(€), (2.10)

>
N

0,

Traw?2

y1(§)

y2(§)

In (2.10) E¢ stands for the ezpected value with respect to the distribution

VIV IVIVIVIVI

0,
0,
0.

of é, and in general, it is understood that the stochastic constraints have
to hold almost surely (a.s.) (i.e., they are to be satisfied with probability
1). Note that if € has a finite discrete distribution {(&%,p;), @ = 1,---,r}
(p; > 0 Vi) then (2.10) is just an ordinary linear program with a so-called
dual decomposition structure:

min{Qmmwl + 3%raw2 + 22:1 pi[7y1 (fz) + 1292(§i)]}
s.t. Trawl + Traw?2 S 1007
O‘(gi)xrawl + <65L'raw2 + Y1 (fl) ) Z hl (51) VZ,
3xraw1 + ﬁ(gl)xrauﬁ + y2(§l) Z h2(£z) Vl? (211)
Trawl > 0,
Traw?2 > 07
y2(£') > 0 Vi.

Depending on the number of realizations of 5 , T, this linear program may
become (very) large in scale, but its particular block structure is amenable
to specially designed algorithms. Linear programs with dual decomposition
structure will be introduced in general in Section 1.4 on page 36. A basic
solution method for these problems will be described in Section 1.6.4 (page 70).

To further analyse our refinery problem, let us first assume that only the
demands, hi(é),i = 1,2, are changing their values randomly, whereas the
productivities are fixed. In this case we are in the situation illustrated in
Figure 3. Even this small idealized problem can present numerical difficulties
if solved as a nonlinear program. The reason for this lies in the fact that
the evaluation of the expected value which appears in the objective function
requires

e multivariate numerical integration;
e implicit definition of the functions ;(§) (these functions yielding for a fixed
x the optimal solutions of (2.10) for every possible realization & of £),
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both of which are rather cumbersome tasks. To avoid these difficulties, we
shall try to approximate the normal distributions by discrete ones. For this
purpose, we

e generate large samples (!, = 1,2,---, K, i = 1,2, restricted to the 99%
intervals of (2.5), sample size K =10 000;

e choose equidistant partitions of the 99% intervals into r;,7 = 1,2,
subintervals (e.g. 1y = ro = 15);
e calculate for every subinterval I;,,v = 1,---,r;, ¢ = 1,2, the arithmetic

mean C_f of sample values ! € I;,, yielding an estimate for the conditional
expectation of ¢; given I;,;

e calculate for every subinterval I, the relative frequency p;, for ¢! € I,
(i.e. piv = kin /K, where k;;, is the number of sample values /" contained
in I;,). This yields an estimate for the probability of {¢; € I;,}.

The discrete distributions {(C¥,piv),v = 1,---,7:}, i = 1,2, are then used
as approximations for the given normal distributions. Figure 6 shows these
discrete distributions for A/(0,12) and A(0,9), with 15 realizations each.

Obviously, these discrete distributions with 15 realizations each can
only be rough approximations of the corresponding normal distributions.
Therefore approximating probabilities of particular events using these discrete
distributions can be expected to cause remarkable discretization errors. This
will become evident in the following numerical examples.

Using these latter distributions, with 15 realizations each, we get 152 =
225 realizations for the joint distribution, and hence 225 blocks in our
decomposition problem. This yields as an optimal solution for the linear
program (2.11) (with ~(-) the total objective of (2.11) and v;(x) = 2@ qw1 +
3$raw2)

Z = (&1,%2) = (38.539,20.539), (&) = 140.747, (2.12)

with corresponding first-stage costs of
~v1(Z) = 138.694.

Defining p(z) as the empirical reliability (i.e. the probability to be feasible) for
any production plan x, we find—with respect to the approximating discrete
distribution—for our solution Z that

p(F) = 0.9541,

whereas using our original linear program’s solution & = (36, 18) would yield
the total expected cost
(&) = 199.390

and an empirical reliability of

p(#) = 0.3188,



BASIC CONCEPTS 13

A
%
e0 oe
+12
e o o e
1, . o N(0,12)
e O o e o NN(O79)
76 o .
. o
. o 13 o .
L] [e] I} °
. o o .

-30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30

Figure 6 Discrete distribution generated from A(0,12), N(0,9); (r1,72) =
(15, 15).

which is clearly overestimated (compared with its theoretical value of 0.25),
which indicates that the crude method of discretization we use here just
for demonstration has to be refined, either by choosing a finer discretization
or preferably—in view of the numerical workload drastically increasing with
the size of the discrete distributions support—by finding a more appropriate
strategy for determining the subintervals of the partition.

Let us now consider the effect of randomness in the productivities. To

this end, we assume that h;(§), i = 1,2, are fixed at their expected
values and the two productivities a(é) and /B(f) behave according to their
distributions known from (2.3) and (2.4). Again we discretize the given
distributions confining ourselves to 15 and 18 subintervals for the uniform
and the exponential distributions respectively, yielding 15 x 18 = 270 blocks
in (2.11). Solving the resulting stochastic program with recourse (2.11) as an

ordinary linear program, we get as solution &
T = (37.566,22.141), ~(z) = 144.179, ~;(Z) = 141.556,

whereas the solution of our original LP (2.1) would yield as total expected
costs

(&) = 204.561.
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For the reliability, we now get
p(Z) = 0.9497,

in contrast to
p(&) = 0.2983

for the LP solution Z. ~ ~ ~ ~

Finally we consider the most general case of a(§),3(£),h1(§) and ha(&)
varying randomly where the distributions are discretely approximated by 5-,
9-, 7- and 11-point distributions respectively, in an analogous manner to the
above. This yields a joint discrete distribution of 5 x 9 x 7 x 11 = 3465
realizations and hence equally many blocks in the recourse problem (2.11);
in other words, we have to solve a linear program with 2 x 3465 + 1 = 6931
constraints! The solution & amounts to

# = (37.754,23.629), ~(%) = 150.446, (%) = 146.396,

with a reliability of
p(Z) = 0.9452,

whereas the LP solution & = (36, 18) would yield
(&) = 232.492, p(z) = 0.2499.

So far we have focused on the case where decisions, turning out post festum
to be the wrong ones, imply penalty costs that depend on the magnitude of
constraint violations. Afterwards, we were able to determine the reliability
of the resulting decisions, which represents a measure of feasibility. Note
that the reliability provides no indication of the size of possible constraint
violations and corresponding penalty costs. Nevertheless, there are many real
life decision situations where reliability is considered to be the most important
issue—either because it seems impossible to quantify a penalty or because of
questions of image or ethics. Examples may be found in various areas such as
medical problems as well as technical applications.

For instance, suppose once again that only the demands are random.
Suppose further that the management of our refinery is convinced that it
is absolutely necessary—in order to maintain a client base—to maintain a
reliability of 95% with respect to satisfying their demands. In this case we may
formulate the following stochastic program with joint probabilistic constraints:

min(2xrawl + 3377"(11112)

s.t. Trawl T Traw?2 < 100a
Trawl > 0;
Traw2 = 0,

P < 2*CUTawl + 6$ruw2 Z hl(E:)
3

> 0.95.
3Traw1 + 3Traw2 > h2( ) ) N
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This problem can be solved with appropriate methods, one of which will be
presented later in this text. It seems worth mentioning that in this case
using the normal distributions instead of their discrete approximations is
appropriate owing to theoretical properties of probabilistic constraints to be
discussed later on. The solution of the probabilistically constrained program
is

2 = (37.758,21.698), ~;(z) = 140.612.

So the costs—i.e. the first-stage costs—are only slightly increased compared
with the LP solution if we observe the drastic increase of reliability. There
seems to be a contradiction on comparing this last result with the solution
(2.12) in that 7 (Z) < v7(2) and p(Z) > 0.95; however, this discrepancy is due
to the discretization error made by replacing the true normal distribution of
(51,52) by the 15 x 15 discrete distribution used for the computation of the
solution (2.12). Using the correct normal distribution would obviously yield
~vr(Z) = 138.694 (as in (2.12)), but only p(z) = 0.9115!

1.3 Stochastic Programs: General Formulation

In the same way as random parameters in (2.1) led us to the stochastic (linear)
program (2.6), random parameters in (1.3) may lead to the problem

“HllIl”go(I, ~)
st gi(x,8) <0,i=1,---,m, (3.1)
r € X CR",

where 5 is a random vector varying over a set = C IR*. More precisely, we
assume throughout that a family F of “events”, i.e. subsets of =, and the
probability distribution P on F are given. Hence for every subset A C = that
is an event, i.e. A € F, the probability P(A) is known. Furthermore, we assume
that the functions g;(z, ) : £ — IR Vz,i are random variables themselves, and
that the probability distribution P is independent of x.

However, problem (3.1) is not well defined since the meanings of “min” as
well as of the constraints are not clear at all, if we think of taking a decision
on z before knowing the realization of é . Therefore a revision of the modelling
process is necessary, leading to so-called deterministic equivalents for (3.1),
which can be introduced in various ways, some of which we have seen for
our example in the previous section. Before discussing them, we review some
basic concepts in probability theory, and fix the terminology and notation
used throughout this text.
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1.3.1 Measures and Integrals
In IR* we denote sets of the type

Iy ={zeR"|a;<a;<b;, i=1,--,k}

as (half-open) intervals. In geometric terms, depending on the dimension k of
R*, Iy is

e an interval if k =1,
e a rectangle if k = 2,
e a cube if k = 3,

while for £ > 3 there is no common language term for these objects since
geometric imagination obviously ends there.

Sometimes we want to know something about the “size” of a set in ]Rk, e.g.
the length of a beam, the area of a piece of land or the volume of a building;
in other words, we want to measure it. One possibility to do this is to fix
first how we determine the measure of intervals, and a “natural” choice of a
measure p would be

e in R": M(I[a,b)){ boa if a<b,

otherwise,
. 2. _ (bl—al)(bg—az) if aSb,
o mR%: plljap) = { 0 otherwise,
. 3. o (b1 - al)(bg - (Lz)(bg - (Lg) if a < b7
o mR% pljap) = { 0 otherwise.

Analogously, in general for I, ;) C IR with arbitrary k, we have

k
W(ljpy) = { 1Ie—a0) i a< (3.2)

i=

[

0 else.

Obviously for a set A that is the disjoint finite union of intervals, i.e.
A = UM 10 1) being intervals such that I N 1™ = ) for n # m,
we define its measure as u(A) = Zi‘le w(I™). In order to measure a set
A that is not just an interval or a finite union of disjoint intervals, we may
proceed as follows.

Any finite collection of pairwise-disjoint intervals contained in A forms
a packing C of A, C being the union of those intervals, with a well-
defined measure u(C) as mentioned above. Analogously, any finite collection
of pairwise disjoint intervals, with their union containing A, forms a covering
D of A with a well-defined measure p(D).
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Figure 7 Measure of a half-circle: first approximation.

Take for example in IR? the set
Acirc - {(95,1/) | .172 + y2 S 167 ) Z 0}7

i.e. the half-circle illustrated in Figure 7, which also shows a first possible
packing C; and covering D;. Obviously we learned in high school that the
area of A is computed as p(Aeire) = % x 7 X (radius)? = 25.1327, whereas
we easily compute p(Ch) = 13.8564 and u(D;) = 32. If we forgot all our
wisdom from high school, we would only be able to conclude that the measure
of the half-circle A.;.. is between 13.8564 and 32. To obtain a more precise
estimate, we can try to improve the packing and the covering in such a way
that the new packing Cy exhausts more of the set A.;. and the new covering
Dy becomes a tighter outer approximation of Ag;j.. This is shown in Figure 8,
for which we get u(C3) = 19.9657 and u(D3) = 27.9658.

Hence the measure of A.;.. 1s between 19.9657 and 27.9658. If this is still
not precise enough, we may further improve the packing and covering. For
the half-cirle A.;r¢, it is easily seen that we may determine its measure in this
way with any arbitrary accuracy.

In general, for any closed bounded set A C R*, we may try a similar
procedure to measure A. Denote by C4 the set of all packings for A and by



18 STOCHASTIC PROGRAMMING

Figure 8 Improved approximate measure of a half-circle.

D4 the set of all coverings of A. Then we make the following definition.

The closed bounded set A is measurable if
sup{u(C) | € € Ca} = imf{u(D) | D € Da},
with the measure p(A) = sup{u(C) | C € C4}.

To get rid of the boundedness restriction, we may extend this definition
immediately by saying:

An arbitrary closed set A C IRF is measurable iff? for every interval
Iiap) C IR” the set AN Iqp) is measurable (in the sense defined before).

This implies that IR” itself is measurable. Observing that there always exist
collections of countably many pairwise-disjoint intervals Ijqv pv), v =1,2,---,
covering R”, i.e. |J02, Iigv pvy = IR* (e.g. take intervals with all edges having
length 1), we get p1(A) = >°07 | p(ANIj4v pvy) as the measure of A. Obviously
1(A) = oo may happen, as it does for instance with A = IRi (i.e. the positive
orthant of IR?) or with 4 = {(z,y) € R* |z > 1, 0 < y < 1}. But we also
may find unbounded sets with finite measure as e.g. A = {(z,y) € R? | = >
0, 0 <y <e "} (see the exercises at the end of this chapter).

2 “ff” stands for “if and only if”
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The measure introduced this way for closed sets and based on the
elementary measure for intervals as defined in (3.2) may be extended as a
“natural” measure for the class A of measurable sets in IR*, and will be
denoted throughout by u. We just add that A is characterized by the following
properties:

if Aec Athenalso R — A€ A; (3.3 1)

if Ai€ A, i=1,2-, thenalso |J4; €A (3.3 ii)
i=1
This implies that with 4; € A, i =1,2,---, also ()2, 4; € A.
As a consequence of the above construction, we have, for the natural
measure p defined in RF, that

u(A) > 0VA e Aand pu(d) = 0; (3.41)
lfAz GA, 1= 1,2,"', andAlvﬁAj :®f0ri7éj,
then p(U;Z, Ai) = 3772, (4.

In other words, the measure of a countable disjoint union of measurable sets
equals the countable sum of the measures of these sets.

These properties are also familiar from probability theory: there we have
some space () of outcomes w (e.g. the results of random experiments), a
collection F of subsets F C Q called events, and a probability measure (or
probability distribution) P assigning to each F' € F the probability with
which it occurs. To set up probability theory, it is then required that

(i) Qis an event, i.e. Q € F, and, with F' € F, it holds that also Q — F € F,
ie. if F is an event then so also is its complement (or notF);

(3.4 ii)

(ii) the countable union of events is an event.

Observe that these formally coincide with (3.3) except that £ can be any
space of objects and need not be RF.
For the probability measure, it is required that

(i) P(F)>0VF € Fand P(Q) =1,
(i) if F; € F, i = 1,2,---, and F; N F; = 0 for i # j, then P(U;o, Fi) =
i1 P(F).
The only difference with (3.4) is that P is bounded to P(F) < 1 VF € F,
whereas p is unbounded on R*. The triple (2, F, P) with the above properties
is called a probability space.
In addition, in probability theory we find random wvariables and random

vectors 5 . With A the collection of naturally measurable sets in IR*, a random
vector is a function (i.e. a single-valued mapping)

€ : Q0 — RFsuch that, for all A € A, £ 1[A] :={w]|E(w) € A} € F. (3.5)
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This requires the “inverse” (with respect to the function 5 ) of any measurable
set in IR to be an event in €.

Observe that a random vector 5 : O — R¥ induces a probability measure
P¢ on A according to

Ps(A) = P({w | {(w) € A}) VA € A.

Example 1.2 At a market hall for the fruit trade you find a particular species
of apples. These apples are traded in certain lots (e.g. of 1000 1b). Buying a lot
involves some risk with respect to the quality of apples contained in it. What
does “quality” mean in this context? Obviously quality is a conglomerate of
criteria described in terms like size, ripeness, flavour, colour and appearance.
Some of the criteria can be expressed through quantitative measurement, while
others cannot (they have to be judged upon by experts). Hence the set  of
all possible “qualities” cannot as such be represented as a subset of some IRF.

Having bought a lot, the trader has to sort his apples according to their
“outcomes” (i.e. qualities), which could fall into “events” like “unusable”
(e.g. rotten or too unripe), “cooking apples”and “low (medium, high) quality
eatable apples”. Having sorted out the “unusable” and the “cooking apples”,
for the remaining apples experts could be asked to judge on ripeness, flavour,
colour and appearance, by assigning real values between 0 and 1 to parameters
r, f,c and a respectively, corresponding to the “degree (or percentage) of
achieving” the particular criterion.

Now we can construct a scalar value for any particular outcome (quality)
w, for instance as

0 if w € “unusable”,
3 if w € “cooking apples”,
1+7r)A+f)1+c)(14+a) otherwise.

Obviously © has the range §[€2] = {0} U {2} U {[1,16]}. Denoting the events
“unusable” by U and “cooking apples” by C, we may define the collection F
of events as follows. With G denoting the family of all subsets of Q@ — (U U C)
let F contain all unions of U, C,{ or  with any element of G. Assume that
after long series of observations we have a good estimate for the probabilities
P(A),Ae F.

According to our scale, we could classify the apples as
e catable and
— 1st class for ¥(w) € [12,16] (high selling price),
— 2nd class for 9(w) € [8,12) (medium price),
(w

— 3rd class for 9(w) € [1,8) (low price);

e good for cooking for #(w) = & (cheap);
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Figure 9 Classification of apples by quality.

e waste for v(w) = 0.

Obviously the probabilities to have 1st-class apples in our lot is
P;({[12,16]}) = P(97'[{[12,16]}]), whereas the probability for having 3rd-
class or cooking apples amounts to

P({[1,8)}u{z}) = P(i}_i[{[LS)} u{z})
=P [{[1,8)}]) + P(C),
using the fact that ¢ is single-valued and {[1,8)}, {3} and hence 3~'[{[1,8)}],
o7 '[{4}] = C are disjoint. For an illustration, see Figure 9. O

If it happens that @ ¢ RF and F c A (i.e. every event is a “naturally”
measurable set) then we may replace w trivially by £(w) by just applying the
identity mapping £(w) = w, which preserves the probability measure P on
F,ie.

P;(A) = P(A) for Ae F
since obviously {w | £(w) € A} = A if AeF. .

In any case, given a random vector £ with Z € A such that {w | {(w) €

E} = Q (observe that =2 = IR” always satisfies this, but there may be smaller
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sets in A that do so), with 7 = {B | B= ANE, A € A}, instead of the
abstract probability space (Q, F, P) we may equivalently consider the induced
probability space (Z,F, Pg)7 which we shall use henceforth and therefore

denote as (E,F,P). We shall use 5 for the random vector and £ for the
elements of Z (i.e. for the possible realizations of £).

Sometimes we like to assert a special property (like continuity or
differentiability of some function f : RF¥ — IR) everywhere in R*. But it
may happen that this property almost always holds except on some particular
points of IR¥ like N; = {finitely many isolated points} or (for k > 2) N, =
{finitely many segments of straight lines}, the examples mentioned being
(‘naturally’) measurable and having the natural measure p(N7) = p(N2) = 0.
In a situation like this, more precisely if there is a set N5 € A with p(Ns) = 0,
and if our property holds for all 2 € IR¥ — Ny, we say that it holds almost
everywhere (a.e.). In the context of a probability space (2, F, P), if there is
an event N5 € F with P(Njs) = 0 such that a property holds on & — Ny, owing
to the practical interpretation of probabilities, we say that the property holds
almost surely (a.s.).

Next let us briefly review integrals. Consider first IRF with A, its measurable
sets, and the natural measure u, and choose some bounded measurable set
B € A. Further, let {41, -+, A,} be a partition of B into measurable sets,
ie. A; e A, AinA; = 0fori # j, and |J,_; A; = B. Given the indicator
functions x4, : B — IR defined by

1 ifzxeA;,
0 otherwise,

X4, (@) = {

we may introduce a so-called simple function ¢ : B — IR given with some
constants ¢; by

pl@) =D exa(@)

=¢; foraxze A

Then the integral [, p(z)dp is defined as

/ p(x)du = cip(As). (3.6)
B i=1

In Figure 10 the integral would result by accumulating the shaded areas with
their respective signs as indicated.
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Observe that the sum (or difference) of simple functions ¢ and @5 is again
a simple function and that

[ @+ e@ldn = [ pr@in [ ooty

’/ du‘ /Iw )dp

from the elementary properties of finite sums. Furthermore, it is easy to see
that for disjoint measurable sets (i.e. B; € A, j=1,---,s,and B, N B; =
for j # 1) such that szl B; = B, it follows that

[ etoyin= Z / ol

To integrate any other function ¢ : B — IR that is not a simple function,
we use simple functions to approximate v (see Figure 11), and whose integrals
converge.

Any sequence {¢,} of simple functions on B satisfying

/ |90n(x) - som(x)|du — 0 for n,m — o0
B

is called mean fundamental. If there exists a sequence {p,} such that

on(x) — P(x) a.e.® and {¢,} is mean fundamental

3 The convergence a.e. can be replaced by another type of convergence, which we omit here.
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Figure 11 Integrating an arbitrary function.

then the integral fB Y(x)du is defined by

[ vtdu= i [ ()
B B

and v is called integrable.
Observe that

‘/Bwn(x)du—/Bsom(:c)du‘ g/}g\%(gj)_@m(m”du’

such that { [ @n(x)du} is a Cauchy sequence. Therefore lim, .o [ @n(2)dp
exists. It can be shown that this definition yields a uniquely determined
value for the integral, i.e. it cannot happen that a choice of another mean
fundamental sequence of simple functions converging a.e. to 1 yields a different
value for the integral.

The boundedness of B is not absolutely essential here; with a slight
modification of the assumption “p,(x) — ¥(z) a.e.” the integrability of
1 may be defined analogously.

Now it should be obvious that, given a probability space (Z,F,P)—
assumed to be introduced by a random vector 5 in R*—and a function
1 : = — IR, the integral with respect to the probability measure P, denoted
by

Beo(@) = [ vie)ap

can be derived exactly as above if we simply replace the measure u by the
probability measure P. Here E refers to expectation and ¢ indicates that we
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are integrating with respect to the probability measure P induced by the
random vector fN .

Finally, we recall that in probability theory the probability measure P of a
probability space (2, F, P) in IR” is equivalently described by the distribution
function F defined by

Fy(z) = PUE| € < 7)), o € RE.

If there exists a function fg : © — IR such that the distribution function can
be represented by an integral with respect to the natural measure y as

Fe@) = [ felwydn, & e R,
<&

then f; is called the density function of P. In this case the distribution function
is called of continuous type. It follows that for any event A € F we have
P(A) = [, fe(@)dp. This implies in particular that for any A € F such that
#(A) = 0 also P(A) = 0 has to hold. This fact is referred to by saying that
the probability measure P is absolutely continuous with respect to the natural
measure . It can be shown that the reverse statement is also true: given a
probability space (2, F, P) in IRF with P absolutely continuous with respect
to u (i.e. every event A € F with the natural measure u(A) = 0 has also a
probability of zero), there exists a density function fé for P.

1.8.2 Deterministic Equivalents

Let us now come back to deterministic equivalents for (3.1). For instance, in
analogy to the particular stochastic linear program with recourse (2.10), for
problem (3.1) we may proceed as follows. With

o0 it gi(z,§) <0,
g;r(ﬂfvf) - { gi(z,§) otherwise,

the ith constraint of (3.1) is violated if and only if g;f (,£) > 0 for a given
decision z and realization & of 5 . Hence we could provide for each constraint a
recourse or second-stage activity y;(£) that, after observing the realization &,
is chosen such as to compensate its constraint’s violation—if there is one—by
satisfying g;(z, &) — y;(€) < 0. This extra effort is assumed to cause an extra
cost or penalty of ¢; per unit, i.e. our additional costs (called the recourse
function) amount to
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yielding a total cost—first-stage and recourse cost—of

f0($7§) :go(.ﬁ,g)—i-Q(.T,f). (38)

Instead of (3.7), we might think of a more general linear recourse program
with a recourse vector y(¢) € Y C R™ (Y is some given polyhedral set, such
as {y | y > 0}), an arbitrary fixed m x 7 matrix W (the recourse matriz)
and a corresponding unit cost vector ¢ € IR", yielding for (3.8) the recourse
function

Q(z,8) = myin{qu | Wy > g (2,8),y €Y}, (3.9)

where g+($a 6) = (gii_(xv 5)7 e 7grtz(xa 5))T

If we think of a factory producing m products, g;(z,§) could be understood
as the difference {demand} — {output} of a product i. Then g;"(x,&) >
0 means that there is a shortage in product ¢, relative to the demand.
Assuming that the factory is committed to cover the demands, problem (3.7)
could for instance be interpreted as buying the shortage of products at the
market. Problem (3.9) instead could result from a second-stage or emergency
production program, carried through with the factor input y and a technology
represented by the matrix W. Choosing W = I, the m x m identity matrix,
(3.7) turns out to be a special case of (3.9).

Finally we also could think of a nonlinear recourse program to define the
recourse function for (3.8); for instance, Q(z, ) could be chosen as

where ¢ : IR™ — IR and H; : R" — IR are supposed to be given.

In any case, if it is meaningful and acceptable to the decision maker to
minimize the expected value of the total costs (i.e. first-stage and recourse
costs), instead of problem (3.1) we could consider its deterministic equivalent,
the (two-stage) stochastic program with recourse

min Befo(x,€) = min Ee{go(z,€) + Q. )} (311)

The above two-stage problem is immediately extended to the multistage
recourse program as follows: instead of the two decisions x and y, to be
taken at stages 1 and 2, we are now faced with K + 1 sequential decisions

zo, 71, -, 2k (v, € IR™), to be taken at the subsequent stages 7 =
0,1,--+, K. The term “stages” can, but need not, be interpreted as “time
periods”.

Assume for simplicity that the objective of (3.1) is deterministic, i.e.
go(x, &) = go(x). At stage 7 (7 > 1) we know the realizations &;,---,&; of
the random vectors &1, --,&, as well as the previous decisions g, -, Tr_1,
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and we have to decide on x, such that the constraint(s) (with vector valued
constraint functions g;)

gT(x07"'7mTa£la"'a€T> SO

are satisfied, which—as stated—at this stage can only be achieved by the
proper choice of x,, based on the knowledge of the previous decisions and
realizations. Hence, assuming a cost function ¢,(z;), at stage 7 > 1 we have
a recourse function

QT(x0a$17"'7xT—1a§17"'a§T) = HTlln{q-,—(l'T) | gT(x07"'7xTa§l7"'a§T) S O}

indicating that the optimal recourse action %, at time 7 depends on the
previous decisions and the realizations observed until stage 7, i.e.

Tr ::i"r(x07"'7x7—1a§15"'a67)7 T > 1.

Hence, taking into account the multiple stages, we get as total costs for the
multistage problem

K
folwo, &1, &) = go(mo) + Y _ Qr(xo, &1, 871, &1, -+, &) (3.12)

T=1

yielding the deterministic equivalent for the described dynamic decision
problem, the multistage stochastic program with recourse

K
II?EH}([QO('IO) =+ Zl E~17...’§~_’_QT(1‘05 ‘ila e 7£T—15 517 e 7§T)]7 (313)
—
obviously a straight generalization of our former (two-stage) stochastic
program with recourse (3.11).

For the two-stage case, in view of their practical relevance it is worthwile
to describe briefly some variants of recourse problems in the stochastic linear
programming setting. Assume that we are given the following stochastic linear
program

“min”CTfE
st. Ax=0b
~ | s 3.14
T = h(é), (3.14)
x> 0.

Comparing this with the general stochastic program (3.1), we see that the set
X C IR" is specified as

X={zeR"| Az =b, z >0},
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where the mg x n matrix A and the vector b are assumed to be deterministic.
In contrast, the m; x n matrix 7'(-) and the vector h(-) are allowed to depend
on the random vector 5 , and therefore to have random entries themselves. In
general, we assume that this dependence on ¢ € = C R is given as

T() =T°+ &T" + -+ + &%,
20 1 . (3.15)
h(§) = h” + &ht + -+ &h”,
with deterministic matrices TO, e ,T’“ and vectors BO, sy h*. Observing that

the stochastic constraints in (3.14) are equalities (instead of inequalities, as
in the general problem formulation (3.1)), it seems meaningful to equate their
deficiencies, which, using linear recourse and assuming that ¥ = {y € R" |
y > 0}, according to (3.9) yields the stochastic linear program with fized
recourse

min, Eé{cT:r +Q(x,8)}
st. Az =b
x>0, (3.16)
where
Q(z,8) = min{q"y | Wy = h(§) - T(§)z, y > 0} .

In particular, we speak of complete fized recourse if the fixzed m; X ™ recourse
matrix W satisfies
{z|z=Wy, y >0} =IR™. (3.17)

This implies that, whatever the first-stage decision x and the realization £ of
& turn out to be, the second-stage program

Q(z,€) = min{q"y | Wy = h(§) — T(¢)z, y > 0}

will always be feasible. A special case of complete fixed recourse is simple
recourse, where with the identity matrix I of order m;:

W =(I,-1). (3.18)
Then the second-stage program reads as

Q(z,&) = min{(¢") "y +(¢) Ty |yT—y~ =h(-T( )z, y* >0,y >0},

ie., for gt 4+ ¢~ > 0, the recourse variables y© and y~ can be chosen to
measure (positively) the absolute deficiencies in the stochastic constraints.
Generally, we may put all the above problems into the following form:

minngo(:c,g)
s.t. Bgfi(,6) <0, i=1,--+,s,
Eefi(2,§) =0, i=s+1,---,m,
re X CcR",

(3.19)
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where the f; are constructed from the objective and the constraints in (3.1)
or (3.14) respectively. So far, fo represented the total costs (see (3.8) or (3.12))
and fi,---, fm could be used to describe the first-stage feasible set X.
However, depending on the way the functions f; are derived from the problem
functions g; in (3.1), this general formulation also includes other types of
deterministic equivalents for the stochastic program (3.1).

To give just two examples showing how other deterministic equivalent
problems for (3.1) may be generated, let us choose first a € [0, 1] and define
a “payoff” function for all constraints as

o(z,¢) ::{ 1—a ifgi(2,§) <0, i=1-,m,

—a otherwise.
Consequently, for x infeasible at & we have an absolute loss of «, whereas for
x feasible at £ we have a return of 1 — «. It seems natural to aim for decisions
on z that, at least in the mean (i.e. on average), avoid an absolute loss. This
is equivalent to the requirement

Beg(w.8) = [ ol )dp 2 0

Deﬁning fO(:Evf) = go(.’L‘,&) and fl(xvg) = —(,0(.’1),6), we get
fO(I7£) = gO(z’E)a

_Joa—=1 if gi(z,§) <0, i=1,---,m, 320
fi(z,§) = { a otherwise,
implying ~ &
Eeh(e.0) = ~Egolnd) <0

where, with the vector-valued function g(z,¢) = (g1(z, &), -, gm(z, €))7,

ngl(l',g):/:fl(xag)dp

= / (= 1)dP +/ adP
{g(=.£)<0} {g(=.£)£0}

= (a=1P{¢]g(x,8) <0}) +aP{E | g(x, &) £0})
=aP{&]g(x, &) <0})+ P | g(x, &) £0})]
=1
—P{¢ | g(x,€) <0}).

Therefore the constraint E f1(z, €) < 0 is equivalent to P({¢ | g(x,£) < 0}) >
a. Hence, under these assumptions, (3.19) reads as

min, XE~gO(x,§:)
ot PUE 9., 6) <0, i= 1 m}) > } (3.21)
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Problem (3.21) is called a probabilistically constrained or chance constrained
program (or a problem with joint probabilistic constraints).

If instead of (3.20) we define «; € [0,1],¢ = 1,---,m, and analogous
“payoffs” for every single constraint, resulting in

fo(z,€) = go(x, &)
filx, €) ={ a; — 1 if gi(2,§) <0,

. =1,---,m
; otherwise, R

then we get from (3.19) the problem with single (or separate) probabilistic
constraints:

minzex Eégo(x7£) }
st. P({€ ] gi(z,) <0}) >y, i =1,---,m (3.22)

If, in particular, we have that the functions g;(z,&) are linear in x, and if
furthermore the set X is convex polyhedral, i.e. we have the stochastic linear
program

“min” T (&)a
s.t.  Ax =0,
T > hé),
x>0,

then problems (3.21) and (3.22) become
mingex EgcT(g)x }
st. P{E | T(E)x = h(§)}) = a,

and, with T;(-) and h;(-) denoting the ith row and ith component of T'(-) and
h(-) respectively,

(3.23)

minmeXEc (&)= }
s.t. P({£|T()(E ()})Zaivi:]-v"'vmv

the stochastic linear programs with joint and with single chance constraints
respectively.

Obviously there are many other possibilities to generate types of
deterministic equivalents for (3.1) by constructing the f; in different ways
out of the objective and the constraints of (3.1).

Formally, all problems derived, i.e. all the above deterministic equivalents,
are mathematical programs. The first question is, whether or under which
assumptions do they have properties like convexity and smoothness such that
we have any reasonable chance to deal with them computationally using the
toolkit of mathematical programming methods.

(3.24)
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1.4 Properties of Recourse Problems

Convexity may be shown easily for the recourse problem (3.11) under rather
mild assumptions (given the integrability of go + Q).

Proposition 1.1 If go(+, &) and Q(-,&) are convezx in x V§ € 2, and if X is
a convex set, then (3.11) is a convex program.

Proof For &,z € X, A€ (0,1) and & := A% + (1 — A\)Z we have
implying

Ee{90(#,6)+Q(#,€)} < AEg{go(#,€)+Q(&,&)}+(1-N)Eg{90(2,£)+Q(%, £)}.

a

Remark 1.1 Observe that for Y = ]Rz the convexity of Q(-,£) can
immediately be asserted for the linear case (3.16) and that it also holds for the
nonlinear case (3.10) if the functions ¢(-) and g;(+, &) are convex and the H;(-)
are concave. Just to sketch the argument, assume that § and ¢ solve (3.10)
for z and & respectively, at some realization £ € =. Then, by the convexity of
g; and the concavity of H;, i = 1,---,m, we have, for any A € (0, 1),

gi(AZ+ (1 = N)&,§) < Agi(Z, §) + (1 — N)gi(,§)
S AHi(y) + (1= N Hi(9)
< Hi(Ag + (1= N)g).

Hence § = Ay + (1 — A\)y is feasible in (3.10) for & = AZ + (1 — A&, and
therefore, by the convexity of g,

Q(%,8) < q(9)

< Aq(m) + (1= A)a(y)
=2Q(z,8) + (1 = NQ(, §).
O
Smoothness (i.e. partial differentiability of Q(z f_ (z,£)dP) of

recourse problems may also be asserted under fairly general conditions. For
example, suppose that ¢ : IR? — IR, so that ¢(z,y) € IR. Recalling that ¢ is
partially differentiable at some point (&, §) with respect to x, this means that
0
there exists a function, called the partial derivative and denoted by w,
x

such that o o o
o +h ) —e(@,§) _ 0pE,9)  r(&,9:h)

= + ;

h or h
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where the “residuum” r satisfies

r(@,9:h) no
5 :

The recourse function is partially differentiable with respect to «; in (&,¢) if
there is a function % such that
J

Q&+ hel &) — Q(,€)  9Q(%,€) €
h 8xj h

with

where e’ is the jth unit vector. The vector (a%(;,g) BQ(Q’Q) is called
the gradient of Q(x, &) with respect to x and is denoted by VmQ(x £). Now we
are not only interested in the partial differentiability of the recourse function
Q(z, &) but also in that of the expected recourse function Q(x). Provided that
Q(z, é) is partially differentiable at & a.s., we get

Q(i + hel) - Q(@) JEES hel,€) = Q(@.6)

h = h
_ 0Q(z,§) | pi(#,&§h)
B /EN(s { 3%‘ - h }dP
_ /: e /: N P,

where N5 € F and P(Ns) = 0. Hence, under these assumptions, Q is partially
differentiable if

/ 9Q(,€) 1 b exists and %/ pi(&, & n)aP "9 0.
=—Njs

O =—Ns
This yields the following.

Proposition 1.2 If Q(a:,g) is partially differentiable with respect to x; at
some I a.s. (i.e. for all & except maybe those belonging to an event with

00(i
probability zero), if its partial derivative % is integrable and if the
Ty
- 09(z
residuum satisfies (1/h) [ p;(&,& h)dP "=9°0 then 8Q:r(x) exists as well
J

and

Ox; = Oxj

09(z) / 0Q(2,§) 5)
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Questions arise as a result of the general formulation of the assumptions
of this proposition. It is often possible to decide that the recourse function is
partially differentiable a.s. and the partial derivative is integrable. However,
the requirement that the residuum is integrable and—roughly speaking—its
integral converges to zero faster than h can be difficult to check. Hence we
leave the general case and focus on stochastic linear programs with complete
fixed recourse (3.16) in the following remark.

Remark 1.2 In the linear case (3.16) with complete fixed recourse it is known
from linear programming (see Section 1.6) that the optimal value function
Q(z,€) is continuous and piecewise linear in h(§) — T(€)z. In other words,
there exist finitely many convex polyhedral cones B; C IR with nonempty
interiors such that any two of them have at most boundary points in common
and U;B; = R™, and Q(z,&) is given as Q(z,&) = d'T(h(&) — T(&)z) + &
for h(§) — T(§)x € By. Then, for h(§) —T(&)z € intB; (i.e. for h(&) — T(&)x
an interior point of Bj), the function Q(z,&) is partially differentiable with
respect to any component of x. Hence for the gradient with respect to = we
get from the chain rule that V,Q(x,&) = =TT (€)d! for h(¢) —T(€)x € intB,.

Assume for simplicity that Z is a bounded interval in IR* and keep z fixed.
Then, by (3.15), we have a linear affine mapping (-) :=h(-) —T(-)z : £ —
IR™!. Therefore the sets

Di(z) =y 7' [B)] == {€ € 2| ¥(€) € By}

are convex polyhedra (see Figure 12) satisfying |J, D;(z) = =Z.
Define D;(z) := intD;(z). To get the intended differentiability result, the
following assumption is crucial:

€ € Dy(z) = (&) = h(€) + T(€)z € intB; V. (4.1)

By this assumption, we enforce the event {£ € Z | ¥(§) € B; — intB;} to have
the natural measure u({{ € 2 | ¥(§) € B, — intB;}) = 0, which need not be
true in general, as illustrated in Figure 13.

Since the B; are convex polyhedral cones in IR™* (see Section 1.6) with
nonempty interiors, they may be represented by inequality systems

clz<o,

where C! # 0 is an appropriate matrix with no row equal to zero. Fix [ and
let £ € Dy(z) such that, by (4.1), h(§) — T'(§)x € intB;. Then

C'h(g) = T(&)x] <0,
i.e. for any fixed j there exists a 7;; > 0 such that

C'[h(&) = T(&)(x £ 75¢7)] <0
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<y

Figure 12 Linear affine mapping of a polyhedron.

or, equivalently,
C'[1(€) = T(&)z] < FryC'T(€)e? Yy € [0, 7).
Hence for v(£) = max; [(C'T(€)e?);| there is a

tr>0: C'[h(E) = T()z] < —[ty(&)e VIt| < tu,

Figure 13 Linear mapping violating assumption (4.1).
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Figure 14 Difference set D;(x) — Di(x;t).

e = (1,---,1)T. This implies that for v := I?Ea:x ~(§) there exists a tg > 0 such

that
C'A(E) — T(&)x] < —t|ye V|t < to

(choose, for example, ¢y = t;/7). In other words, there exists a to > 0 such
that

Dy(x;t) == {€ | C'[A(€) = T(€)z] < —tlye} # 0 V|t| < to,

and obviously D;(x;t) C D;(z). Furthermore, by elementary geometry, the
natural measure p satisfies

w(Di(z) — Di(x3t)) < |tv

with some constant v (see Figure 14).
For £ € Dy(x;t) it follows that
C'h(€) = T(&)(x +te’)] = C'[h(g) — T(§)z] — tC'T(&)e?
—[t]ye — tC'T(€)e?
0,

INIA I

owing to the fact that each component of C'T'(¢)e’ is absolutely bounded by
7. Hence in this case we have h(¢) — T(€)(x + te?) € By, and so

Q(l‘—i—t@j,f)—Q(l‘,f) — 8Q(l‘,f)

— _JiT 7
t d T(f)@ 8£Uj

V|t| < 1o,

i.e. in this case we have the residuum p;(z,§;t) = 0.
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For ¢ € D;(z)— D;(x;t) we have, considering that h(&) —T(€)(x+te’) could
possibly belong to some other Bj, at least the estimate

|Q(z +te?, ) — Q(x,§)]
It

< max{|d'""T(§)e’| | € € E, I} =: 8

Assuming now that we have a continuous density ¢(€) for P, we know already
from (4.1) that u({€ € E | ¥(§) € By — intB;}) = 0. Hence it follows that

BQwO=3 | @ oe
—ZL 0 - 0~

and, since

/ Qz +te?, &) — Q(x,§)
Dy ()= Dy (x3t) t

< 6rglazw(€)lt\v =%,
e=

@(&)dp

vg@@@=§1@uvmm@ﬂﬁm
_z/ () (€)de.

Hence for the linear case—observing (3.15)—We get the differentiability state-
ment of Proposition 1.2 provided that (4.1) is satisfied and P has a continuous
density on Z=. |

Summarizing the statements given so far, we see that stochastic programs
with recourse are likely to have such properties as convexity (Proposition 1.1)
and, given continuous-type distributions, differentiability (Proposition 1.2),
which—from the viewpoint of mathematical programming—are appreciated.
On the other hand, if we have a joint finite discrete probability distribution
{(¢%,px),k =1,---,7} of the random data then, for example, problem (3.16)
becomes—similarly to the special example (2.11)—a linear program

minge x {ch + Zpquyk}
k=1

st. T(E)x + Wyk = h(€F), k=1,---,r,
y* >0

(4.2)

having the so-called dual decomposition structure, as mentioned already for our
special example (2.11) and demonstrated in Figure 15 (see also Section 1.6.4).
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CT qT qT qT
T w h(g)
() w h(£?)
T(E) w h(g")

Figure 15 Dual decomposition data structure.

However—for finite discrete as well as for continuous distributions—we are
faced with a further problem, which we might discuss for the linear case (i.e.
for stochastic linear programs with fixed recourse (3.16)). By suppP we denote
the support of the probability measure P, i.e. the smallest closed set = C R”
such that Pé(E) = 1. With the practical interpretation of the second-stage
problem as given, for example, in Section 1.2, and assuming that = = suppF%;,
we should expect that for any first-stage decision z € X the compensation
of deficiencies in the stochastic constraints is possible whatever £ € = will be

realized for £. In other words, we expect the program

Q(x,§) =ming'y
st. Wy = h(&) — T (&), (4.3)
y=>0

to be feasible V¢ € =. Depending on the defined recourse matrix W and the
given support Z, this need not be true for all first-stage decisions x € X.
Hence it may become necessary to impose—in addition to x € X—further
restrictions on our first-stage decisions called induced constraints. To be more
specific, let us assume that = is a (bounded) convex polyhedron, i.e. the convex
hull of finitely many points &/ € E C R*:

= = conv {¢!, -+, &7}
- g’g:ZAjgf, SN =1 A 20V
j=1 =1

From the definition of a support, it follows that x € IR™ allows for a feasible
solution of the second-stage program for all ¢ € = if and only if this is true
for all ¢/, j =1,---,r. In other words, the induced first-stage feasibility set
K is given as

K={z|T()z+Wy =h(¢), yy >0, j=1,---,r}.
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From this formulation of K (which obviously also holds if ¢ has a finite discrete
distribution, i.e. = = {¢!,--- £"}), we evidently get the following.

Proposition 1.3 If the support = of the distribution of € is either a finite
set or a (bounded) convex polyhedron then the induced first-stage feasibility
set K is a convexr polyhedral set. The first-stage decisions are restricted to
re XNK.

Example 1.3 Consider the following first-stage feasible set:
X:{xGIR2+ | z1 — 2x9 > —4, 21 + 222 < 8,227 — 29 < 6}.

For the second-stage constraints choose

v=(3 1) masr=(3 )

and a random vector £ with the support = = [4,19] x [13,21]. Then the
constraints to be satisfied for all £ € = are

Wy=¢&—Tx, y > 0.

Observing that the second column W5 of W is a positive linear combination
of W1 and W3, namely Wy = %Wl + %Wg, the above second-stage constraints
reduce to the requirement that for all £ € = the right-hand side £ — Tz can
be written as
E—Tx = W1+ puWs, A, n>0,

or in detail as

& —2x1 — 3x2 = =\ + by,

§2—31‘1— Xro = 2/\+2,u,

Ap> 0.

2 1
-2 5)’
which corresponds to adding 2 times the first equation to the second and
adding —2 times the first to 5 times the second, respectively, we get the
equivalent system

Multiplying this system of equations with the regular matrix S =

26 + & — Tz — Txg =12p >0,
=28 + 58 — 11z + 29 = 12X > 0.

Because of the required nonnegativity of A and p, this is equivalent to the
system of inequalities

Try 4+ Tre < 261 + fg (Z 21 VE € E),
11z1 — 22 < —2§1 + 552 (Z 27 Vf € E)
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Figure 16 Induced constraints K.

Since these inequalities have to be satisfied for all £ € =, choosing the minimal
right-hand sides (for £ € Z) yields the induced constraints as

K ={x|7x1 + 7oy <21, 11lzq — 29 < 27}

The first-stage feasible set X together with the induced feasible set are illus-
trated in Figure 16. |

It might happen that X (| K = ); then we should check our model very
carefully to figure out whether we really modelled what we had in mind or
whether we can find further possibilities for compensation that are not yet
contained in our model. On the other hand, we have already mentioned the
case of a complete fixed recourse matrix (see (3.17) on page 28), for which
K = IR"™ and therefore the problem of induced constraints does not exist.
Hence it seems interesting to recognize complete recourse matrices.

Proposition 1.4 An m, x 7 matriz W is a complete recourse matriz iff*

e it has rank tk(W) = my and,

1 We use “iff” as short-hand for “f and only if”.
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o assuming without loss of generality that its first my columns Wy, Wo, - -+, Wy,
are linearly independent, the linear constraints

Wy=20
yi>1, i=1,---,m, (4.4)

y=0
have a feasible solution.

Proof W is a complete recourse matrix iff
{z|z=Wy, y >0} =IR™.

From this condition, it follows immediately that rk(W') = m; necessarily has
to hold. In addition, for 2 = — >""", W; € R™* the second-stage constraints
Wy = Z,y > 0 have a feasible solution ¢ such that

ma n
D Wi+ Y, Wigi=2
=1

i=mi1+1
ma
= - E Wi7
=1

gzZO; _Z-Zla"W

3

With

gl =1 my,
vi Ui i >my,
this implies that the constraints (4.4) are necessarily feasible.
To show that the above conditions are also sufficient for complete recourse
let us choose an arbitrary z € IR™!'. Since the columns Wy,---,W,,, are

linearly independent, the system of linear equations

mi
> Wiyi=z
i=1

has a unique solution §1, -+, ¥m,. f ; > 0, ¢ = 1,---,my, we are finished;
otherwise, we define v := min{gy, -, ¥m, - By assumption, the constraints
(4.4) have a feasible solution §. Now it is immediate that § defined by
A 371—72]17 izla"'amlv
9i = ) - _
—YYi, Z_m1+17"'7n7

solves Wy =z, y > 0. O

Finally, if (4.3) is feasible for all £ € E and at least for all x € X = {z |
Az = b,z > 0} then (3.16) is said to be of relatively complete recourse.
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1.5 Properties of Probabilistic Constraints

For chance constrained problems, the situation becomes more difficult, in
general. Consider the constraint of (3.21),

P({¢19(z,§) <0}) =2 o,

where the ¢; were replaced by the vector-valued function g defined by
9(z,&) == (91(z,8),- - ,gm(a:,f))T: a point # is feasible iff the set

S(#) ={¢ [ 9(2,€) <0} (5.1)

has a probability measure P(S(&)) of at least «. In other words, if G C F is
the collection of all events of F such that P(G) > a VG € G then i is feasible
iff we find at least one event G € G such that for all £ € G, g(& &) < 0.
Formally, Z is feasible iff 3G € G:

ie ({r g€ <0} (52)

e

Hence the feasible set

B(a) = {z | P{¢ | g(x,§) <0}) = a}

is the union of all those vectors z feasible according to (5.2), and consequently
may be rewritten as

Bla)=|J {z | g(z.&) <0} (5.3)

Geg e

Since a union of convex sets need not be convex, this presentation
demonstrates that in general we may not expect B(«) to be convex, even
if {z | g(x,£) <0} are convex V¢ € E. Indeed, there are simple examples for
nonconvex feasible sets.

Example 1.4 Assume that in our refinery problem (2.1) the demands are
random with the following discrete joint distribution:

hi(€') =160 _
P(h;(£1)2135>—085,

hi(€%) =150\ _
P(h;(£2)_195>_008,

hi(€%) =200 _
P(hl<£3):120> -0
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N4
N

AT
20 40 60 80 100

Figure 17 Chance constraints: nonconvex feasible set.

Then the constraints

Trawl T Traw2 S 100
Trawl 2 0
Lraw?2 > 0

P (erawl + 6xraw2 2 h1(§)> Z a
gxrawl + 3$7‘aw2 2 h2(§)

for any a € (0.85,0.92] require that we

e cither satisfy the demands h;(¢1) and h;(€2), i = 1,2 (enforcing a reliability
of 93%) and hence choose a production program to cover a demand

160
ha = (195)

e or satisfy the demands h;(¢!) and h;(€3), i = 1,2 (enforcing a reliability of
92%) such that our production plan is designed to cope with the demand

200
hs = ( 135 )
It follows that the feasible set for the above constraints is nonconvex, as shown
in Figure 17. O
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As above, define S(z) := {{|g(x,§) < 0}. If g(-, ) is jointly convex in (=, &)
then, with ' € B(a),i = 1,2, & € S(z') and X\ € [0,1], for (z,§) =
A, €1) + (1 — M) (22, €2) it follows that

9(2,€) < Ag(ah,€) + (1 = N)g(a?,€) <0,
ie. &£ = A+ (1 — \)¢€2 € S(z), and hence®
S(z) D [AS(zh) + (1 — \)S(a?))]
implying
P(S(z)) > P(AS(z") + (1 — A)S(2?)).
By our assumption on g (joint convexity), any set S(x) is convex. Now we
conclude immediately that B(«a) is convex Va € [0, 1], if
P()\Sl + (1 — /\)Sg) > min[P(Sl), P(Sg)] Ve [O, 1]

for all convex sets S; € F, ¢ = 1,2, i.e. if P is quasi-concave. Hence we have
proved the following

Proposition 1.5 If g(-,-) is jointly convex in (x,€) and P is quasi-concave,
then the feasible set B(a) = {x|P({{|g(x,§) < 0}) > a} is convezr Vo € [0, 1].
Remark 1.3 The assumption of joint convexity of g(,-) is so strong that it
is even not satisfied in the linear case (3.23), in general. However, if in (3.23)
T(&) = T (constant) and h(§) = £ then it is satisfied and the constraints
of (3.23), F being the distribution function of ¢, read as

P{{¢| Tz =2 &}) = Fe(Tx) > a.
Therefore B(a) is convex Va € [0,1] in this particular case if F is a quasi-
concave function, i.e. if Fz(A§" + (1 —A)&?) > min[F¢(¢"), F¢(¢?)] for any two
L2 e Zand VA € [0,1]. O

It seems worthwile to mention the following facts. If the probability measure
P is quasi-concave then the corresponding distribution function FE is quasi-
concave. This follows from observing that by the definition of distribution
functions Fg(e) = P(S;) with S; = {¢| £ <&}, i=1,2, and that for £ =
AL+ (1= N)E2, X e [0,1], we have S = {€] £ <&} = AS; + (1 — N\)Ss (see
Figure 18). With P being quasi-concave, this yields

Fg(€) = P(S) > min[P(S1), P(S2)] = min[F(¢"), Fg(£%)].

5 The algebraic sum of sets pS1 + 052 := {€ := p€l + €2 [ ¢l € 51, €2 € S}
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8 10
Figure 18 Convex combination of events involved by distribution functions,
A=1.
2

On the other hand, F, 3 being a quasi-concave function does not imply in general
that the corresponding probability measure P is quasi-concave. For instance,
in R! every monotone function is easily seen to be quasi-concave, such that
every distribution function of a random variable (always being monotonically
increasing) is quasi-concave.But not every probability measure P on IR is
quasi-concave (see Figure 19 for a counterexample).

Hence we stay with the question of when a probability measure—or its
distribution function—is quasi-concave. This question was answered first for
the subclass of log-concave probability measures, i.e. measures satisfying

P(AS1 + (1 = \)Sy) > PAS;) P12(Sy)

for all convex S; € F and A € [0, 1]. That the class of log-concave measures is
really a subclass of the class of quasi-concave measures is easily seen.

Lemma 1.2 If P is a log-concave measure on F then P is quasi-concave.

Proof Let S; € F, i = 1,2, be convex sets such that P(S;) > 0, i = 1,2
(otherwise there is nothing to prove, since P(S) > 0 V.S € F). By assumption,
for any A € (0,1) we have

P(AS1 + (1 = \)Sy) > PA(S) P12(Sy).
By the monotonicity of the logarithm, it follows that

In[P(AS1 + (1 — A\)S2)] = Aln[P(S1)] + (1 — A) In[P(S2)]
> min{In[P(S})], In[P(S2)]},
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Figure 19 P here is not quasi-concave: P(C)

P(A)=P(B) = 1.

and hence
P(AS1 + (1 = A)S2) > min[P(S1), P(S2)].

a

As mentioned above, for the log-concave case necessary and sufficient
conditions were derived first, and later corresponding conditions for quasi-
concave measures were found.

—_

Proposition 1.6 Let P on =2 = RF be of the continuous type, i.e. have a
density f. Then the following statements hold:

e P is log-concave iff f is log-concave (i.e. if the logarithm of f is a concave
function);

o P is quasi-concave iff f~1/*

1S convez.

The proof has to be omitted here, since it would require a rather advanced
knowledge of measure theory.

Remark 1.4 Consider

(a) the k-dimensional uniform distribution on a convex body S C IR* (with
positive natural measure p) given by the density
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1/u(S) ifzes,
u(z) == .
0 otherwise

(1 is the natural measure in IR”, see Section 1.3.1);

(b) the exponential distribution with density
0 if z <0,

e ™ if x>0
(A > 0 is constant);

pexp(r) =

(¢) the multivariate normal distribution in IRF described by the density

L (z—-m)TS Hz—m)

on(x) :=vye~
(v > 0 is constant, m is the vector of expected values and ¥ is the
covariance matrix).
Then we get immediately
1 Vu(S) ifzes,

(a) ¢y " (x) =
“ 00 otherwise,
implying by Proposition 1.6 that the corresponding propability measure

Py is quasi-concave.

(b) Since
—00 if z <0,
InA\—Xx if x>0,
the density of the exponential distribution is obviously log-concave,

implying by Proposition 1.6 that the corresponding measure Pgyp is log-
concave and hence, by Lemma 1.2, also quasi-concave.

In[pexp(z)] =

(¢) Taking the logarithm
In[pp(z)] =Iny — %(x —m)T8 = (x —m)

and observing that the covariance matrix ¥ and hence its inverse X! are
positive definite, we see that this density is log-concave, and therefore the
corresponding measure Py is log-concave (by Proposition 1.6) as well as
quasiconcave (by Lemma 1.2).

There are many other classes of widely used continuous type probability
measures, which—according to Proposition 1.6—are either log-concave or at
least quasi-concave. o

In addition to Proposition 1.5, we have the following statement, which is of
interest because, for mathematical programs in general, we cannot assert the
existence of solutions if the feasible sets are not known to be closed.
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Proposition 1.7 If g : R" x £ — IR™ is continuous then the feasible set
B(a) is closed.

Proof  Consider any sequence {z"”} such that ¥ — & and z¥ € B(a) Vv.
To prove the assertion, we have to show that & € B(c). Define A(z) := {£ |
g(x,&) < 0}. Let Vi be the open ball with center & and radius 1/k. Then we
show first that

A@) =[] o | Al). (5.4)
k=1 zeVy

Here the inclusion “C” is obvious since & € Vi Vk, so we have only to show
that

A@) D () d | A).
k=1 zeVy

Assume that € € Nizr lUgev, A(z). This means that for every k we have
fed U.ev, A(x); in other words, for every k there exists a ¢k e Usev, A()
and hence some z¥ € V; with €% € A(z*) such that ||€¥ — £|| < 1/k (and
obviously ||z* — #|| < 1/k since 2% € V4). Hence (2%, ¢F) — (#,€). Since
¢ € A(zb), g(aF,€F) < 0 Vk and therefore, by the continuity of g(-,),
& € A(Z), which proves (5.4) to be true.

The sequence of sets

K
Bk := m cl U A(x)
k= xzeVy

1

is monotonically decreasing to the set A(Z). Since ¥ — Z, for every K
there exists a vi such that % € Vg C Vkx_1 C --- C Vi, implying that
A(x¥%) C By and hence P(Bg) > P(A(2V%)) > a VK. Hence, by the well-
known continuity of probability measures on monotonic sequences, we have

P(A(%)) > a, ie. & € B(a). O

For stochastic programs with joint chance constraints the situation appears
to be more difficult than for stochastic programs with recourse. But, at least
under certain additional assumptions, we may assert convexity and closedness
of the feasible sets as well (Proposition 1.5, Remark 1.3 and Proposition 1.7).

For stochastic linear programs with single chance constraints, convexity
statements have been derived without the joint convexity assumption on
gi(x, &) = hi(&) — T;(&)x, for special distributions and special intervals for
the values of «;. In particular, if T;(£) = T; (constant), the situation becomes

rather convenient: with F; the distribution function of h;(§), we have

P& Tix = hi(§)}) = Fi(Tiz) > ai,
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or equivalently
Tix Z Fi_l(ai),

where F; ' («;) is assumed to be the smallest real value 7 such that F;(n) > a;.
Hence in this special case any single chance constraint turns out to be just a
linear constraint, and the only additional work to do is to compute Fifl(ai).

1.6 Linear Programming

Throughout this section we shall discuss linear 